Review for Midterm1 Test

(5.5,6.1,6.2,6.3,7.1,7.2)

sin \/x
e

o

Substitute /Z = u and dr =du

2 ()

:2/sinudu

=—2cosu+C
Substitute back u = \/z
= —2cosz+C
f sin x sin(cos x) dx
We can rewrite the given integral as:
/ sin(cos z) sinz dz
We will substitute cosz = u And on differentiating we get — sinz de = du = sinz dz = —du

:/sinu-(fdu)
:/—sinudu

=cosu+ C
Substitute back u = cos T

= cos(cosz) + C




mn=£ﬂmw
. Calculate the first derivative

Given that

h(z) :/ Int dt
1
Therefore

- 2

Use chain rule

d|f mtdt] ge)

W(e) = d(e®) " dz

h'(z) =Ilne” - €”
Recallthat : Ine® =z

h'(z) = ze®

Vo Z
Mﬂ=£ oz

. Calculate the first derivative




Each of the regions A, B, and C bounded by the graph of f
and the x-axis has area 3. Find the value of

f: [f(x) + 2x + 5]dx
Y A

/_2[f(m)+2w+5] dm:/_if(:n)dm+/22mda:+/_25dm

4 —4 4

=-3-12+30

=15




Find [ f(x) dx if

3 forx<3
x forx=3

/05f(z)dm:/03f(z)dz+/:f(m)dm:/033dz+/35zdm:9+8:17

3
5
Notice the integral represents the total area of a rectangle / 3dzx and a trapezoid f3 xdx. The rectangle
0

f(x) =

3
/ 3dz has base = 3 and height = 3, thus its area is A = 3(3) = 9, and the trapezoid f35 zdz has bases = 3and 5
0

and height = 2, thus its areais A = £(3 + 5)(2) = 8. (See graph below.)
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1
2
/ e’ —xe’ dx
0

Now lets separe it into 2 integrals and solve them:

1 1
2
/ e’ d:z:—/ ret dx
0 0
1 1
/ e'dor = e*
0

For the other integral we will use the following substitution:

=e—1
0

du

u=2’dr = du=2zdr — Q—x:da:
Now we have:
1
/a:e“idu
0 2CC
1/1611_16“,1_« 1
2 Jo 2 0_‘2 2

Thus we can conclude that the result of (1) is as follows:

1
2 e 1 1
r _ x 1 = —1— _— - _ — —1
/Oe ze” dz =e <2 2> 2(6 )
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16 -14-12 -1 -08-06 04 02 (002 04 06 08 1 12 14 16 18 2 22 24 2¢
0.2 1

-04 1

= [(@-a -1 Ve do
:7r/1(1—2a:2—|-w4—(1—2\/5+:c))dm
0
:7r/1(1—2a:2+:c4—1+2\/5—:1:)dm
0

1
:7r/ (=22 4+ 2* + 2z — z) dz
0

_ Un
30




xy=1, x=0, y=1, y=3

about x axis

35

b 3 4 3
V=/27rrhdy=21r/ y-—dy=27r/ dy
a 1 Yy 1

=2r[y]} =273 — 1) = 4n




j (In x)*dx

Let u = (Inz)? , dv =dz
21
Then du = :mdw , V=21

We know that [u dv =uv — [v du

Integration by parts gives

I = z(Inzx)? — /:z:

21
nz ..

I = z(Inz)® - 2/ln:cd:v

Step 2

Find I, = [Inzdz

Let u=Inz , dv =dzx

Then du = —dzx , V=2
z

We know that [u dv =uv — [v du

Integration by parts gives

1
IL=xzlnx — /:z:.dm
T

Izzwlnw—/da:

IL=xlnz—2x+c¢

I =z(inz)® —2(zlnz —z+c)

=z(lnz)? — 2zlnz + 224+ C




Integration by parts
u=ze?® du=e’+2ze’®=e?*(1+2z)
dv= v=

1 —
(142z)2 2(1+22)

7\
7z N

we2m

i+222
-1

Qre’® 14+2 2z
_ 2ze N (1+2z)e Lo
4(1+2z)  4(1+ 2z)

e2a:

4(1 + 2z)




sin’0 cos*0 d6

Substitute cos @ = u

And —sin @ df = du

Substitute back : u = cos 6

7.2

/ sin® 6 cos? 0 df
= / sin” @ cos* 0 - (sin 6 df)
= / (1 — cos® ) cos* @ - (sin 6 db)

= / (cos®@ — 1) cos* @ - (—sin 6 df)




j tan x sec’x dx

Step 1

/tan zsec® z dzx

= /seczw (secz tanz dz)

Substitute secxz = u

Andsecz tanz dz = du

3
u
=_+C
3
Substitute back © = sec
3
sec’
= C
3
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REVIEW FOR MIDTERM2 EXAM

7.4

P +3x 41
(x4 1)%(x -2)2
exist constants A, B, C, D such that

2. Suppose we want to integrate . We have two repeated factors, whence there

© 4 3x 41 A + B + C + D
(x+1)2(x=2)2  x+1 (x+41)2 x-2 (x-2)2

Combining the right hand side and cancelling the denominators yields
X +3x4+1=Alx+1)(x-2)* + B(x - 2)* + C(x + 1)*(x = 2) + D(x + 1)

We evaluate at the two nice places then compare some coefficients and evaluate at x = 0:

x=2: 15_9D_.~D_S
3
x=-1: —3—98—'>B——:]—;
coeff(x*): 1=A4+C
x=0: 1_-M+4}3—2C+D_:-2A—C_1

3

The last two equations can be solved to obtain A = § and C = 3. The final integral is then

©+3x+1 &5 / 4 1 " 5 " 5 e

J G+ x=-27" S ox+1) 3(x+1)F 9(x-2) 3(x-27%"
—.—‘ln|.t#l|+ ! +§ln|x—2‘— 2 4

9 3(x+1) 9 o 3(x-2)

5 1 5

1 n
= = -2 e . p—
9'“""‘” P I +3(.1:4»1) 3(.\'—2]+c

4




—x+2 x2-x42
+4x  x(x*+4)
in its denominator. We therefore know that there exist constants A, B, C such that

Example The rational fundlon contains the irreduciuble quadratic 24+4

2—x42 A Bx+C
X - =
x* 4+ 4x x 244

Combining the right hand side and equating numerators yields
2 —x+42=A(x*+4)+ (Bx+C)x

which can be solved (try it!) to obtain

A=3 B=3z C=-1

It follows that

xz—x+" x-2 ln|x|+/ x 1 s
x* 4 4x 21 2(r-+4] 2(x24+4) x*+4
1 L X
-2In[.tl+ ln(\ »4)—2an 2+c

Rationalizing

A clever substitution can sometimes convert an irrational expression into a rational one, to which the
partial fractions method may be applied.
For example, the substitution wt = x — 7 (dx = 3u® du) gives

3, 3
vx-—-7 3’ /‘ 24
/ x+1 dx - /u-‘+8d“_ 3- (u+2)[uz—2u+4)

0 - -1 " A
=3u+In (“ T 2v3tan '- \/,5 +c (partial fractions in here)

— 7R3 _2x-7)'P 4+ 4
(x-7) 42

= 7\,/5tan 1 w
V3

+C

=3x-7 4+

A similar approach (substituting u = \/x — 2) rationalizes the integral

1 2du
/ (x=2)(x -2+ x=2) Stk / W {u+1)




Al TypPe 2

[ e iy [ e o] = 1)

B. Using u = z*: TYPE 1
a t ¢

/ re * dr = lim re * dr = lim e"'d—u = l lxm [l - c"’] = l

0 2 2

L ) o Jg 2 tax

C. DIVERGES, TYPE 1

-1 -1 N
2 tm [ = tim (] = lm b1-In(-) = -0
- T [ t F e -

D. DIVERGES, TYPE 1

t=>30 oo PR T )

/ e dr = lim ‘d.r—hm [f‘] hmc -1=+00
0

E. Useu=5-xto clarify which limit is improper: TYPE 2
5 S 3 onl”
w13 “1/3 5 _ B g i |22/
/(; T (—du) = / du = Ilgl | u du ‘l_l.xon' [ 34 ]‘

= 2 lim (523 — $2/3%) = _52/3
2 r-lf('ll*( ) 2

E Split at discontinuity at ¢ = 2. Use u = w — 2 to show one integral diverges. Thus the
original integral diverges.

5w 2 o -
/Dw_zdw:/() w—2dw+/) w—2dw

/ s dw=] u+2du=2+2lim =
0 w-—2 -2 u - J_ a2 u

=242 lim [ln |u|]l =242 lim (In{—t) - In2) = —0c
1)~ -2 20~

DIVERGES, TYPE 2

and

G. Tyre 1

0 r 70
/ drm lim || = lim 1—2’=L(l—()]=-L—
=00 to- |In2], In2 - In2 In2




H. Use u = /y and then integrate by parts with w = uand dv = ¢ “du: TyPE 1

&S t Vi Vi
/ e V¥dy = lim / e Vidy = lim / e "(2u)du =2 lim ue " du

=2 lim (-uc-"]f+/0ﬁ6"d") =2 lim (—vie i+ [-e]f)

[

=2 lim (-\/Ic-ﬁ-c‘ﬁu) =20040+1)=2

e

L Split at discontinuity = = 1 and compute each improper integral using u = x — 1:

TyPE 2
/ dr = / d.r+/ dr—-—;+6=!—)
V-1 V-1 V-1 2 2
because
! 1 dr = Y —l/:ld = li 3 2/3' . li ‘2/4 1) =
/(:\’/;Tl _/_lu u_‘_l,l(x’n_[iu ]4_- im -) =
and

/9 1 d _/8 Y4, = ki :fz/:cn_:_*l. (82/.; t”"‘)—:—‘d o) =6
y vzo1 o M v= o [2Y ,-20-%‘* B -2(_)-

~ ([
7.[] g b
Solution:

(a) Improper because it is an infinite integral (called a Type I).

(b) Let's do a u-substitution first. Let u = ¢, then du = ¢*dz. When xr = 0,u = 1 and
when r — o0, u — 00:

ac eg -~ e.- oc l ¢ l
dr = —— dr = —_— du=l - d
/ 13 /,, (e¥)* +3 / u® + ...",’:_/l u+3 "

- b o () - e () - 5 (5)
1 = 1 = I(g_%) o

TV3'2TAR6T

3v3

Convergent! O
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1. Calculate the length of the following lines using the arc length calculation formula
(t = | V"'l + f'(n)"d:). Compare the results to the geometric calculation of the
length of the line.

(a) Theline y = O between »r = 0and = = 1

y=flz)=0
o)
f(x)=0

Then, the arclength is

a1 FE

) / V14 0dr / ldx
Jz=0 xr=0

The antiderivative of 1 is r, so the value is

=[zp=1-0=1

The length of the line is '1. This is the same result as the geometric result: that

the length of the line between (0.0) and (1.0) is clearly 1.



(c) Theline y = r between = = 0 and = = 2

1(c). Answer: 2v2. For the line y = f(xr) = x, the derivative f'(x) is not equal to
zero. Instead,

Sf(x) =1

Then, we compute

{ / \l ¢ |/'[J')I"d.r / V14 ldr
Jxl) Jax=l)

which is just



(f) The line y = ar + b between r = x; and = = x», assuming ra > z.

1(f). Answer: V1 + a®(z2 — 1) . Forthe line y = f(r) = ar + b the derivative ['(x) is

equal to
f(z)=a
Then, we compute

x2  EEEE—— 2
{ / \'."l + (f'(x))dz / V14 ade = 14 ﬂ”:f;:j
I v

which isl V14 a?(ry -x v]. This is the same result that we can derive geometri-

cally: the distance between

(zy.ax) + b) = (x5.ax5 + b)

\,."'[_r., :l)" + (axy + b - ar, h)" (g = 2,)V1 4+ a*

1 f(z)=2(x=1)** on [1,3]
Solution:

3 " R
flz) = 2 (;) (z-1)"=3vz-1

[F@)] = 9(z-1)=9z-9

¥ { » S — : P o sl
L = /\,«'1+[f’[:)]' dx=/v"1+9:—9dx=/(9:—8)"' dz=;(;) [9:—8)3"’|
1 1 1 I
2

- ((9-5—8]3”':_|9.1_3)3":) _

2

2

(]

(3792 - 132) =| = (a7v37 - 1)

(5]

i I

(5]




. N v a ~ s e

. f(z) =In{cosz) on [0. :]

Solution:
f(z) = In{cosz)
flz) = L('—eir\:c)=—mn:.."
cosx
[f'('x)]col = tan"z2+1=cec’ 2
w/4 ) w/d T/4 I
L = /\,"'1+[f’('x)]:dz=/\”a:c=;d¢=/aecxdx=ln|aecz+tmzl'
(3 (3 ° 0
= ln'secl +tan:|—ln sec0 +tan0| = In \/':‘_.+1|—ln 1+0|==ln(v/5+1)-ln1
= ln(\/2+1]‘
» 2 1 .
f(x)=?+§ on_1.3]
Solution:
) 2 1
= e g —
f=) s T3
3z° 1 x 1

fla) = 5 m=t -

1

2
tip s 2 1 1 1 1
[fz)) =1 = 3(:4—;—2)+1=I(1*+—4—2)—

[ %
|
|

«©

(5-2)[-:[5-9)-(5-9)] -
3-(-:(3)-5

4
I
)

3 < 3
\-"'1+[)"('x]]:dx=/ ,l'[l(::+l.)]-dz=/]—(x:+l,) dx=1/.r:+l~dx
\ 2 x= 2 z= 2 x=
1 1 1
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2. y=1-2%0<x <1, about the y-axis

Solution: We are rotating about the y-axis so we want to use the formula S = [ 27rds. Since

0 < x < 1, then we want to use ds = /1 + (:-a‘)zdx.
Find ‘5_’,‘: gf = =2

Find ds: ds = \/1 + ($)2dr = VT + 422dx

Find S: § = f?rr.rd.s = Jo QTIde

Let u =1+ 422, then du = 8zdr. When r = 0,u = 1; when r = 1,u = 5:

S= /‘711'.1'\/l+-lr2 —-R/ \/_du—' 3 ""Il (5\/_~l)

5. y=+vV1+4e*,0<z <1, about the r-axis

Solution: We are rotating about the r-axis so we want to use the formula S = [ 2ryds. Since

0 < x <1, then we want to use ds = /1 + (:H)’d.r.

vy d
Find 3%
dy er

dr 2/1+e
Find ds:

_ dy : e 4 4 4e* 4 ¢ (24« ")2 2 4"
R (e (d:) =\ v e ® =V aive) TV aaren T T air el

Find S:

1 1
2 = [ 2zV = 2 4 ¢*)dr = 7(2 )| = (e
S= / myds = / 2xV1+ e* \/_d.r w A (24 e¢")dr=n(2z + ¢ ]!0 (e + 1)m

a




3. 9r = 4* + 18.2 < r < 6. about the r-axis

Solution: We are rotating about the r-axis so we want to use the formula S = [ 2xyds. Since

2 < r < 6, then we want to use ds = ‘fl + (:—?J‘ )2dzx.

First. solve for y in the above equation (there will be a + solution, just pick the positive one):
y=+9r — 18 =3yzr -2

- dy.
Find $¥:

dy 3
dx = 2/r -2

Find ds:

dom e () arm o s D0y, fArrl, ) [ERT,

V' o -2 | -2

Find S:

] 1 4 1 6
S:/‘.’rryds:] 27 3V - 2. i d.r=37r/ Vdr + 1 dx

5\ -2

Let u =4r + 1, then du = 4de. When 2 =2, u = 9; when x = 6, u = 25:

25

3/2

25
ur |

19

= 49x

wiw




10.1

THEOREM Parametric Equations of a Cycloid
Parametric equations of a cycloid are

x(t) = a(t —sint) y(@#)=a(l —cost) —o0<t <00

The brachistochrone is the curve of quickest descent. If an object is constrained to
follow some path from a point A to a lower point B (not on the same vertical line) and is
acted on only by gravity, the time needed to make the descent is minimized if the path is
an inverted cycloid. See Figure 11(b). For example, in sliding packages from a loading
dock onto a ship, a ramp in the shape of an inverted cycloid might be used so the packages
get to the ship in the least amount of time. This discovery, which is attributed to many
famous mathematicians (including Johann Bernoulli and Blaise Pascal), was a significant
step in creating the branch of mathematics known as the calculus of variations.

(b) Curve of quickest descent

NY




Suppose Q is the lowest point on an inverted cycloid. If several objects placed at
various positions on an inverted cycloid simultaneously begin to slide down the cycloid,
they will reach the point Q at the same time, as indicated in Figure 11(c). This is referred
to as the tautochrone property of the cycloid. It was used by the Dutch mathematician,

mlhcinlilnt e A i e e ML 2 e TV s 1LAN 1LNEN b e nbec b cmmca AVl AT A0

(& All particles reach Q
at the same time

(a) Find a rectangular equation of the plane curve whose parametric equations are

x(t) = cos(2t) y(t) =sint — d %

—<t<
p =S

— —

Solution (a) To eliminate the parameter ¢, we use a trigonometric identity that involves

1 —cos(2t)

2

1 —cos(2t) _1-x
2 )

y(t) =sint x(t) = cos(2t)

sint and cos(2¢), namely, sint = . Then

y? =sin’t =




1. Acurve C has parametric equations

x=2-1 y=4t-7+ ; t=0

Show that the Cartesian equation of the curve C can be written in the form

2x*+ax+ b
Y= , x=-1
x+1

where @ and b are integers to be found.

1 32
C:ix=atl | yei-zsdoys W(BY-7+ 5

K+l = 2t

=) t= Xel =) 9= hLix+s) .7+ _6 O)

=z Y e

) 9= Axsd-T+ L
X
=) ¥§=(32qx-§ :t‘
‘ w
=) Y= (3x-5)(x+1)+ 6 qu-Sx = -3x
X+

=) 9= Ax-3x-5+6 = 2:15__3xf\ O]

L+t Xkl
$: 3x-3xsl  ,a:-3 omd b=]
p— N

X+l




2. Acurve C has parametric equations

x=3+2sint, y=4+2cos2t, 0<rt<2n

(a) Show that all points on C satisfy y = 6 — (x — 3)* - CarkesSion

A\
o)
CosC2e) = |1-2sinte

3 =G4+ 2 (1-25n%) X = 32 sink

= Lot 2 - o sinte Asink = X -3
3 6 - (asine)?

3 = 6-(.)<--101 as (equired .~
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Example 102,12 Determine where a curve is not smooth
Let a curve C'be defined by the parametric equations z = * ~ 12t + 17 and y = * - 4t + 8. Determine the points, if
any, where it is not smooth.

Souwmiox  We begin by taking derivatives.
g=3-12, y=2-4

We set each equal to 0:

?=023-12=0=t=42
V=0=2%-4=0=t=2

We consider only the value of ¢ = 2 since both 2’ and 3 must be 0. Thus C'is not smooth at ¢ = 2, corresponding to the
point (1,4). The curve is graphed in Figure 1029, illustrating the cusp at (1,4).

If a curve is not smooth at ¢ = t, it means that 2'(tg) = y/(to) = 0 as defined. This, in turn, means that rate of change
fx (and ) is 0; that is, at that instant, neither z nor y is changing. If the parametric equations describe the path of some
bject, this means the object is at rest at to. An object at rest can make a “sharp” change in direction, whereas moving
bjects tend to change direction in a “smooth” fashion.,

I

5 10
Figure 10.2.9: Graphing the curve in

Example 102.12; note it is not
smooth at (1,4).




Find the equation of the tangent line to the curve defined by the equations
z(t)=t>-3, yt)=2t-1, for —3<t<4

when t = 2.

First find the slope of the tangent line using Equation 10.2.3, which means calculating = (¢) and y'(¢):

z'(t) =2t
y(t) =2
Next substitute these into the equation:

dy _ dy/dt

dz ~ dz/dt
dy 2
dr 2t
dy _1
dz ~ t’

When ¢ =2, % = %, so this is the slope of the tangent line. Calculating z(2) and y(2) gives

z(2)=(2>-3=1andy(2) =2(2) —1=3,
which corresponds to the point (1, 3) on the graph (Figure 10.2.5). Now use the point-slope form of the equation of a line to find the equation of the tangent
line:

y— 1y =m(z — o)




Calculate the second derivative d?y/dz? for the plane curve defined by the parametric equations z(t) = t> — 3,

Solution

From Example 10.2.1 we know that % = % = % Using Equation 10.2.5, we obtain

dy _ (d/de)(dy/dz) _ (@/de)(1/e) _ 2 _ 1

dz> ~  dz/dt 2t 2t 23

y(t) =2t -1,

for —3<t<4.

2. Consider the parametric curve x = 4cos(3t), y = 5sin(3t).

. dy
A. Find =2,
dx
dy % 5 * 3cos(3t -5
de S —4x3sin(3t) 4
s
B. Find the equation of the tangent line to the curve at t = Th
) AT -5 T -5
m = T(Ot(;ﬁ) - T(.Ot(I) - T
at t = é
3 T V2
Tn = deos(=) = 4cos(=) = 4= = /"
o = 4cos( 12) 4(05(4) 4 5 2v/2
and
3n 3 V2
— sin(—) = 08(—) = 4— = 2v2
Yo = 4sin( 12) 4(.05(4) 1 5 22
So,

~

I/_2ﬁ=%3(1_2\/:)

-5  5/2
y=—x+ V2 | o5

4 9

-5 =9
= T;I.‘ - \/}(‘—2')




Find the arc length of the parametric curves below on the indicated
intervals of the parameter.

A. x=cos(10t), y =sin(10t) for 0 < t < =«

L= / ‘/ "dt / v (=10sin(10t))2 + (10cos(10t))2dt
= / \/l(l)(si-rz,g(l()t) + cos?(10t))dt = l()/ dt = 10|§ = 107
0 0
B. ;r=8t%,y=3+(’—t)% for0<t<4

L

/0-'\/(1_: G “—/\/ (T(b—t)é) 2d
/nl\/144t+ 8 — t)dt = /

4 2 (()l 3
- 2|5 = 66.19
5(57.3( 1 )Mo

18dt




Finding the Area under a Parametric Curve

Find the area under the curve of the cycloid defined by the equations
)=t=sint, y(t)=1=cost., 0<r<2x

Solution
Using Equation 7.3, we have

b
A =/;.\(I).\"(l)dl

2x

=f (1 = cost)(] = cost)dt
0
2x

=/ (1 ~ 2cost 4 cos>1)dt
0
2x

=/0 (l-lcosl+-'—“;‘¢'2'-)dt

= f:x(% ~2cost+ L‘Q%ZL)d,

2=
B Gin
=%"'2>‘"’+NHO

= 3.




Finding Surface Area

Find the surface area of a sphere of radius r centered at the origin.

Solution
We start with the curve defined by the equations
x()=rcost, y)=rsint, 0<r<a

This generates an upper semicircle of radius r centered at the origin as shown in the following graph.

y
X =rcost
y =rsint
rl O0st=s=x
-7 r X

Figure 7.26 A semcircle generated by parametric equations.

When this curve is revolved around the x-axis, it generates a sphere of radius r. To calculate the surface area of
the sphere, we use Equation 7.6:

b
S =2 [ 3o\ @F + 0 @Pde
a
= el 3
= 2xf rsinf\(=rsin ) + (rcos)=dt
0
o > i S 2
= fo rsinf\resin=f + recos-tdt
0
. 2 2 2
= 2xf rsin t\r’(sin‘r + cos” t)dt
0
= o
= fo resint de
2 =
= 2xr(=cos tiy)
= Zxrz(-cos x4+ cos0)

el
=4xr-.

This 15, in fact, the formula for the surface area of a sphere.




E.5. The surface S is obtained by revolving the curve
C = {(c" - f.4l"/2) (e 0.1]}

about the y-axis. Find the surface area of S.

7

We have

() =¢' —t, y(t)=4e?, 2'(t)=¢" -1, (1) =272,

By Formula 2 we have

1
A= 2#/ (e* - t)\/(v.-' - 1)% 4 (2et/2)2 dt

1
=21 [ (e' = t)Ve2t — 2t + 1 4 det dt
(1

1
7 [ (e = t)\/e2t 4 14 2etdt
0

1 1
= 2#/ (e' = 1)/ (e + 1)2dt = 2#/ (e* = t)(e* +1)dt

|
[

r o2t !
= er/ (e* = te' +¢' = t)dt =2n == tet +¢' et =
0 N =Jo

2¢ 27! 2
PN ST ENP o S € et2e-l 1
= 2x 2—l¢.+2(,-—0] _2n((2—¢.+2(,—9)—-(5+

= w(e? 4+ 2¢ - 6),




Review for Sections 10.3, 10.4, 11.2, 11.3

10.3 and 10.4

4)r = cos(40] is le
A)a l(lr:é)\"““"\ eNer L B ofa = % PQLL‘.\‘ 9
a rose that has 8 petals
C) a limacon (snails)
D) a rose that has 2 petals
E) a lemniscate (figure-8)

7) Convert the following equation from Cartesian form to Polar form

y:X_3 SN = réag- 3

A) L= ;.
cos - sinO =\ ¢ ((o5Q- gme\: !
B)r = , 1 ¢ - 2
3sin0 - cosO = )
. (%0 =00
Or=

sinO - 3cosO

® ..
cosO - sin®

cosO - sin®
2

E)T =




8) Convert the point (7, - 7) from Cartesian to Polar coordinates. 8)
'7 2'_2] (= Juony - 773

’ —
B)7,—§] teg = =1\ l—n/(,'

>7 n] o-- Tl

Q)
’

o|A2, ﬂ]

E) 7\/5 - —]

A)

14) Convert the following equation from polar to cartesian : 14)
r=12 sin® 7
- = 12 =
A) y + (X 6)2 36 R—‘ \3 ( = S Xl'hﬂ Z
'(y 6)2 + x2 =36 . 19
)72+X2 36 Y \l)( 4\1

2 2 _
D) (y - 6)% + (x - 6)4 =36 Xl*‘}l: ))o> i )(L\‘)jl'\ljlo
E)}72+(X—6)2:6 - %2(’,( \\5/@\1 ~ %6




12) Bonus. Which one of the following is false:
A)T = a sin0 is a circle
B)r =a+ b cosO is a snail (Limacons)
O r =a+ bsin0 is a snail (Limacons)
r= 5COS(59) is a lemniscate
E)r = a cosO is a circle




(a) For the cardioid r=1 + sing, find the slope of the
tangent line when 6= 7z/3.

d
—rsin6+rcosﬁ , ,
dy  db _ cos b sin @ + (1 + sin 0) cos 6
dx dr , cos 6 cos® — (1 + sin 0) sin 6
— cosS 6 — rsin 6
do
cosf (1l +2sinf)  cos (1l + 2sin0)

1 —25¢in%0 —sin® (1 + sin6)(1 — 2 sin )

dy cos(7/3)(1 + 2 sin(7/3))

dx |g=n/3 h (1 + sin(7/3))(1 — 2 sin(7/3))

5(1+43)
(1++3/2)(1 = 3)




Find the area enclosed by one loop of the four-leaved rose
r=cos26. |, -Tly e Wl

ﬂ “'\\ (
(eo - "
Sile wae 2 Sl‘ o 2 % (OSQe&B ?7)
C°2' =) )| -

33 (e §

,fﬁ T\\q
(°S Lﬁ;%}(’\-\—(qst‘ﬂ} = -‘-z S l")_ ( \.\(%L\B\Aa
~— / - ‘lll' —“\lt




Sed el e indognl Y o

EXAMPLE 2 Find the area of thc region that lies inside the circle r = 3 sin # and out-

side the cardioid r = 1 + sin#. o aans
swb sl
\ S \ ‘ 1 S e
A eozl §(3500) 1.3 \Uswile, o e
2 ¢ ) 2 ) g T
S‘ﬁ'L W\ iy 0" AlabA L™ o| 7=1+sin6
- - S FIGURE 5
g, 2 A% .U
T\IB Iinw— |- 1300 -Sia0 | {

-\ SS"’\\'.
2 XS\nb...‘*?.S“U Ae

Co\(\.\o\'Q
7 2_,3 e 4208 &

\snl 5

Wl




Sebve Fhe tnbegrol 40

Find the length of the cardioid r=1 + sin 6.

=\ 9
Solution: c 50

The cardioid is shown in Figure 8.

0

\/[\_/

r=1+siné
Flwrﬂ

2%
k= So\l (e Sina) 4 Cogn 30-‘ \JMMO\«JO

M fL
- §°\|1,(.\§in\ ®= \'z} VS be
Sile: 1800 0u0

Stl.)t,-w s’.‘\.: 1&.\%(.!
“ﬁ.) \ls:.‘t‘c‘ £ 2Sin®. (,‘__ &a 7

6* QL‘{')—&\:MQ\\ .
2% 2T
i 4
20§ (s, &2\ los \'12\5;.%“%\5,




11.2and 11.3

Evaluate Z %=1+%+§+--._ 3¢o~\¢¥<ic Secia S
n=0
2 \ the 6ush dermm= L
“2:31“ = L - Commot fedio -_1'1
2 ( ("‘wdﬂﬂ\k\
(= ) AR YR
Evaluate 2(_—1)=1—1+1—i+---. C-comh\‘c Secie.§
(V-] n=0 3 3 9 27
PR 4 Coramon fakis - -\

Az l -—=2 .l L‘LZ Ly L(.'\V“ﬂ"\":

(<L) &’ ‘
("_- "“3\ Q) T\\C Ficg)- "“N\f— L




9) How many of the following p - series are convergent : 9)

D)
(o divergent > l 5 eo Mb“\‘ (

f = i} | Q:J‘(g'“{'




EXAMPLE 11 Find the sum of the serie i( & ] )

t
tn + 1)

0 oo

‘Si \ ‘.7 \_ (\\Q)-com.v\-&.'L
Ne | '\U\‘“) N\N=\ ° f — ‘\l
—)

19) The sum of the geometric series: 1.1,1.1

A3

B 1 f~_ __||1' -\ ¢ \ /(.O(\U‘ﬂ"\-t
a L

0)5 t -

) divergent -

20) Which one of the following is true for the following series T( s\» Gor a“ 'Ys gmcg

E n3+l

=~ 4nd +12

- “\:‘ N %0 e Vosg ot

A) Converges to %

1 k 1} ‘V\ ns
B) converges to — z . -
Lcon\ugcs(oZl '\*O =s ‘ i \ M "“ ‘ \

D) convi erqu to —_ A .\o (‘ ‘\3" \-\.

fflS" 3- (<X'N ls aNWgﬁk




Calculate the sum of the following series if it is convergent:
5: n__1,.2. 3,
S+ 23T

PR G AN

(n+1)! n! (mtD!”

IS“. k}/ )7(\*/"/%\“\\\

-\

\ -U\{\)\
"= 1 _0 «@

16) lim Zi—lL isequallo“ “M \0“\ 9 -\\ {2 a\— 9 -

"J?: A n4od

O not exist \;M ‘l(.'\“ \ 2 \l. [ al -l—_

aad | o VT fae MnaS
W

O
“lo -~ 90




S 1
37.41  Determine whether E ———  COnverges.
ianlnn

2 s\
X\nw
[V )

S 3%4.«5 JS

1 XWax ,\_\.om

-\Jn\u\\ =t allax |

=\ 7 O/ (o(\\;l

\
(’LV-ILO

Q$ ‘. QQ.‘\.“3)

Vo\ny
éuzaax

3
‘\m \‘\(\'\‘ﬂ)'-\'\(.\q’-) - 2

(\-\w

S.«w-\—\se_\mecoqu .h\c%¢\\ s d: u(o)m\\,

'\’\'\c. Setia § V¢ Awo(s.\\

Height
hy=12=a

hy = %(]2) =ar +

€3 Figure 18

3G\ JEXN Using a Geometric Series with a Bouncing Ball

A ball is dropped from a height of 12 m. Each time it strikes the ground, it bounces back
to a height three-fourths the distance from which it fell. Find the total distance traveled

by the ball. See Figure 18.

Solution Let h, denote the height of the ball on the nth bounce. Then

ha =12

A ball is dropped from a height of 12 m. Each time it strikes the ground, it bounces back

10 a height three-fourths the distance from which it fell. Find the total distance traveled i 1
Sooe e Bk e Peorren 3 a.

G Figure 18

—

= li.‘- Zl‘.

D

)

= 2] 32V
12 420 [‘I,‘*L.,\*L,,\a._ :)
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